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Abstract
A new mathematical method is established to represent the operator, wave
functions and square matrix in the same representation. We can obtain the
specific square matrices corresponding to the angular momentum and Runge-
Lenz vector operators with invoking assistance from the operator relations
and the orthonormal wave functions. Furthermore, the first order differential
equations will be given to deduce the specific wave functions without using
the solution of the Schro¨dinger equation which is the second order differential
equation. As a result, we will unify the descriptions of the matrix mechanics
and the wave mechanics on hydrogen atom.
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1. Introduction
In 1925, based on Niels Bohr’s correspondence principle, Werner Heisen-
berg represented the spatial coordinate q and the momentum p by the fol-
lowing form [1]
q = [q(nm)e2piiν(nm)t], p = [p(nm)e2piiν(nm)t] (1)
Max Born and Pascual Jordan then wrote q substituted for q(nm) as a matrix
[2] 

0 q(01) 0 0 0 · · ·
q(10) 0 q(12) 0 0 · · ·
0 q(21) 0 q(23) 0 · · ·
· · · · · · · · · · · · · · · · · ·

 (2)
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They had discarded the representation (1) in favor of the shorter notation
q = q(nm), p = p(nm)
The founders of matrix mechanics tried to describe the mechanics quantum
by the square matrix. They had obtained some success.
In 1930, Paul Dirac published his book Principles of Quantum Mechanics. In
that book, the mechanical quantities were described by the operators. Dirac
established the bra-ket notations which were used to describe the quantum
states and achieved great success.
For one-dimensional harmonic oscillator, Dirac obtained
aˆ|n〉 = √n|n− 1〉 (n = 0, 1, 2, . . .) (3)
aˆ+|n〉 = √n+ 1|n+ 1〉 (n = 0, 1, 2, . . .) (4)
with aˆ =
√
mω
2~
(x+ ~
mω
d
dx
) and aˆ+ =
√
mω
2~
(x− ~
mω
d
dx
), where m is the parti-
cle’s mass, ω is the angular frequency of the oscillator. After a lengthy and
obscure explanation, 〈x|0〉 was regarded as the ground state wave function
〈x|0〉 = (mω
π~
)
1
4 e−
mω
2~
x2 = ψ0
However, if the state vectors |n〉 are replaced by the wave function ψn which
are the orthonormalized eigenfunctions of the Hamilton operator Hˆ, then (3)
and (4) become
aˆψn =
√
nψn−1 (n = 0, 1, 2, . . .) (5)
aˆ+ψn =
√
n + 1ψn+1 (n = 0, 1, 2, . . .) (6)
By using of the orthonormality of wave function, it is easy for us to get from
(5): √
mω
2~
(x+
~
mω
d
dx
)ψ0 = aˆψ0 = 0⇒ ψ0 = (mω
π~
)
1
4 e−
mω
2~
x2
Furthermore, from (6),
ψn+1 =
1√
n+1
aˆ+ψn (n = 0, 1, 2, . . .)
That is
ψ1 = aˆ
+ψ0, ψ2 =
1√
2
aˆ+ψ1, . . . , ψn =
1√
n
aˆ+ψn−1
2
The solutions of the wave functions ψ1, ψ2, . . . , ψn can be found in turn. For
example:
ψ1 = aˆ
+ψ0 =
√
mω
2~
(x− ~
mω
d
dx
)ψ0 =
√
2π−
1
4 (
mω
~
)
3
4xe−
mω
2~
x2
For the orbital angular momentum,
Lˆ−|00〉 = Lˆz|00〉 = 0 (7)
Although Dirac had the above expression, it may be difficult to overcome
the problem which the state vector |00〉 is associated with the wave function
Y00. So he did not get the wave function Y00, based on (7).

Lˆz|lm〉 = m~|lm〉
Lˆ+|lm〉 = ~
√
(l +m+ 1)(l −m)|lm+ 1〉 (l = 0, 1, . . . ;m = −l, 1− l, . . . , l)
Lˆ
−
|lm〉 = ~
√
(l +m)(l −m+ 1)|lm− 1〉
(8)
In fact, as above, if the state vectors |lm〉 are replaced by the wave func-
tion Ylm which are the orthonormalized simultaneous eigenfunctions of the
operators Lˆ2 and Lˆz, then (8) become (38), (41) and (43). Because those
expressions are the systems of linear differential equations, we can find the
solutions of them. For example:
Lˆ−Y00 = LˆzY00 = 0 (9)
That is {
−i~∂Y00
∂ϕ
= LˆzY00 = 0
~e−iϕ(−∂Y00
∂θ
+ icotθ ∂Y00
∂ϕ
) = Lˆ−Y00 = 0
The solution of the above equations is Y00 =
1√
4pi
which is the ground state
wave function. Similarly, all of the spherical harmonic functions will be found
in terms of (38), (41) and (43), as we show later.
On the other hand, if Lˆz, Lˆ+, Lˆ− and Ylm are known, the we can obtain (38),
(41) and (43). For example, from (44) and (50)-(52),

Lˆ+Y1−1 =
√
2~Y10
Lˆ+Y10 =
√
2~Y11
Lˆ+Y11 = 0
(10)
In fact, (10) is equivalent to (11)
Lˆ+
[
Y1−1 Y10 Y11
]
=
[
Y1−1 Y10 Y11
]√
2~

 0 0 01 0 0
0 1 0

 (11)
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To address this issue, we offer the following new approaches.
In linear algebra, the product of row matrix and the same order column
matrix is equal to a polynomial. For example
[
A1 A2
] [ B1
B2
]
= A1B1 + A2B2
Now that equality holds from left to right, the equality should hold from
right to left
A1B1 + A2B2 =
[
A1 A2
] [ B1
B2
]
(12)
So a polynomial can be expanded to the product of row matrix and the same
order column matrix. Therefore
I, The following expressions are equivalent
[
aψ1 + bψ2 cψ1 + dψ2
]
=
[
ψ1 ψ2
] [ a c
b d
]
and [
ψ1 ψ2
] [ a c
b d
]
=
[
aψ1 + bψ2 cψ1 + dψ2
]
II, If {
Aˆψ1 = aψ1 + bψ2
Aˆψ2 = cψ1 + dψ2
(13)
then
Aˆ
[
ψ1 ψ2
]
=
[
aψ1 + bψ2 cψ1 + dψ2
]
=
[
ψ1 ψ2
] [ a c
b d
]
(14)
III, If {
Bˆψ1 = eψ1 + fψ2
Bˆψ2 = gψ1 + hψ2
(15)
then
Bˆ
[
ψ1 ψ2
]
=
[
ψ1 ψ2
] [ e g
f h
]
(16)
Thus, from (14) and (16),
AˆBˆ
[
ψ1 ψ2
]
= Aˆ
[
ψ1 ψ2
] [ e g
f h
]
=
[
ψ1 ψ2
] [ a c
b d
] [
e g
f h
]
(17)
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In fact, we are also able to get from (13) and (15)
AˆBˆ
[
ψ1
ψ2
]
=
[
eAˆψ1 + fAˆψ2
gAˆψ1 + hAˆψ2
]
=
[
e f
g h
] [
Aˆψ1
Aˆψ2
]
=
[
e f
g h
] [
a b
c d
] [
ψ1
ψ2
]
The expression (17) is clearer than the above expression, so (13) is repre-
sented as (14) and we adopt (17) in this article.
In fact, e2piiν(nm)t in (1) which had been obtained by the founders of matrix
mechanics can be represent as the wave functions. e2piiν(nm)t had been dis-
carded so that it was incomplete to describe q in (1) by (2).
Because the state vectors |lm〉 in (8) are abstract, (8) can’t be considered
as the systems of linear differential equations. Thus, we have to discard the
state vectors which describe the quantum states by Dirac. The quantum
state will be described by the wave functions.
The operator, wave functions and square matrix are represented in the same
expression. It can make us to convert the operator relations into the square
matrix relations. According to the relations between the square matrices, the
matrix elements will be determined. We can get the specific wave functions
from the systems of linear differential equations which are associated with
the matrix representations. As a result, we will unify the descriptions of the
matrix mechanics and the wave mechanics on hydrogen atom.
In order to find the spherical harmonic functions corresponding to the or-
bital angular momentum operator, the new method will be applied to obtain
the expressions (38), (41) and (43) which are similar to (8), given by using
the ladder operator method. Based on it, by using of the commutator of
the Runge-Lenz vector operator, orbital angular momentum operator and
Hamiltonian, we can obtain (99). Those solutions of the linear differential
equations are the radial wave functions of the hydrogen atom which can be
often needed to solve the Schro¨dinger equation. It seems appropriate to begin
the article with the corresponding mathematical foundations.
2. Mathematical foundations
In quantum mechanics, the wave function describes quantum state. There-
fore, two definitions on wave function are given as follows
Definition 1 If φ =
n∑
I=1
cIψI , then the ket and bra are written as |φ〉 =
n∑
I=1
cI |ψI〉 and 〈φ| =
n∑
I=1
c∗I〈ψI | respectively, where * denotes complex conju-
5
gation.
Definition 2 If φ and ϕ are two arbitrary wave functions, then the inner
product of φ and ϕ is 〈φ|ϕ〉 = ∫ φ∗ϕdτ .
where the bra-ket notation which meaning is only limited to the above defi-
nitions can not be used to denote abstract vectors and linear functionals in
mathematics.
Let ψ1, ψ2, · · · , ψn be the orthonormalized wave functions. We have in terms
of definition 2:

〈ψ1|
〈ψ2|
· · ·
〈ψn|

 [ |ψ1〉 |ψ2〉 · · · |ψn〉 ] =


1 0 · · · 0
0 1 · · · 0
· · · · · · · · · · · ·
0 0 · · · 1

 (18)
According to Born’s probability interpretation and matrix transformation,
we can always assume that ψ1, ψ2, · · · , ψn are a set of orthonormalized wave
functions. Simultaneously
FˆψI = FIψI(I = 1, 2, · · · , n)
where F1, F2, · · · , Fn are called eigenvalues of the operator Fˆ corresponding
to the eigenfunctions.
When an operator Aˆ acts on the orthonormalized wave functions ψ1, ψ2, · · · , ψn,
we will obtain some new wave functions φ1 = Aˆψ1, φ2 = Aˆψ2, · · · , φn = Aˆψn.
According to the principle of superposition states in quantum mechanics,
these new wave functions φ1, φ2, · · · , φn were represented by linear combina-
tion of orthonormalized wave functions ψ1, ψ2, · · · , ψn.
Aˆψ1 = φ1 =
n∑
I=1
AI1ψI , Aˆψ2 = φ2 =
n∑
I=1
AI2ψI , · · · , Aˆψn = φn =
n∑
I=1
AInψI (19)
According to definition 1, the expression (13) can be written as
|Aˆψ1〉 =
n∑
I=1
AI1|ψI〉, |Aˆψ2〉 =
n∑
I=1
AI2|ψI〉, · · · , |Aˆψn〉 =
n∑
I=1
AIn|ψI〉
It follows that in terms of the inverse law of matrix multiplication
[ |Aˆψ1〉 |Aˆψ2〉 · · · |Aˆψn〉 ] = [ |ψ1〉 |ψ2〉 · · · |ψn〉 ]


A11 A12 · · · A1n
A21 A22 · · · A2n
· · · · · · · · · · · ·
An1 An2 · · · Ann


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Both sides of the above expression are left multiplied by the column matrix[ 〈ψ1| 〈ψ2| · · · 〈ψn| ]T . Combining with (12),


〈ψ1|Aˆψ1〉 〈ψ1|Aˆψ2〉 · · · 〈ψ1|Aˆψn〉
〈ψ2|Aˆψ1〉 〈ψ2|Aˆψ2〉 · · · 〈ψ2|Aˆψn〉
· · · · · · · · · · · ·
〈ψn|Aˆψ1〉 〈ψn|Aˆψ2〉 · · · 〈ψn|Aˆψn〉

 =


A11 A12 · · · A1n
A21 A22 · · · A2n
· · · · · · · · · · · ·
An1 An2 · · · Ann


If Aˆ is a Hermitian operator, then for two arbitrary wave functions φ and ϕ,
we have
〈φ|Aˆϕ〉 = 〈ϕ|Aˆφ〉∗
Hence 

A11 A12 · · · A1n
A21 A22 · · · A2n
· · · · · · · · · · · ·
An1 An2 · · · Ann

 =


A∗11 A
∗
21 · · · A∗n1
A21 A
∗
22 · · · A∗n2
· · · · · · · · · · · ·
An1 An2 · · · A∗nn


Therefore, we get
Theorem: If Aˆ is a Hermitian operator, then AˆψK =
n∑
I=1
AIKψI(K =
1, 2, · · · , n) in the orthonormalized complete function sets ψ1, ψ2, · · · , ψn are
written as
Aˆ
[
ψ1 ψ2 · · · ψn
]
=
[
ψ1 ψ2 · · · ψn
]


A11 A
∗
21 · · · A∗n1
A21 A22 · · · A∗n2
· · · · · · · · · · · ·
An1 An2 · · · Ann

 (20)
where A11, A22, · · · , Ann are real numbers.
In quantum mechanics, all of the operators that describe mechanical quan-
tities are Hermitain operators, so we can deal with the degenerate hydrogen
atom by means of the above theorem.
3. Angular Momentum
The angular momentum operator is a vector operator which can be writ-
ten in terms of its vector components as:
~ˆM = Mˆx~i+ Mˆy~j + Mˆz~k
7
where ~ˆM can be replaced as the orbital angular momentum operator ~ˆL and
the total angular momentum operator ~ˆJ . The components have the following
commutation relations with each other:
[Mˆy, Mˆz] = i~Mˆx (21)
[Mˆz, Mˆx] = i~Mˆy (22)
A magnitude can be defined for the angular momentum operator:
Mˆ2 = Mˆ2x + Mˆ
2
y + Mˆ
2
z (23)
It commutes with the components of ~ˆM
[Mˆ2, Mˆx] = [Mˆ
2, Mˆy] = [Mˆ
2, Mˆz] = 0
Let M1,M2, · · · ,Ms be the eigenvalue of the operator Mˆz and Y1, Y2, · · · , Ys
be the orthonormalized simultaneous eigenfunctions of the operators Mˆz and
Mˆ2 respectively, then
Mˆz
[
Y1 Y2 · · · Ys
]
=
[
Y1 Y2 · · · Ys
]


M1 0 · · · 0
0 M2 · · · 0
· · · · · · · · · · · ·
0 0 · · · Ms

 (24)
Because Mˆx is a Hermitian operator, it is assumed in terms of the theorem
that
Mˆx
[
Y1 Y2 · · · Ys
]
=
[
Y1 Y2 · · · Ys
]


M11 M
∗
21 · · · M∗s1
M21 M22 · · · M∗s2
· · · · · · · · · · · ·
Ms1 Ms2 · · · Mss

 (25)
where M11,M22, · · · ,Mss are real numbers. From (22), (24) and (25),
Mˆy
[
Y1 Y2 · · · Ys
]
=
[
Y1 Y2 · · · Ys
]
(− i
~
)


0 (M1 −M2)M∗21 · · · (M1 −Ms)M∗s1
(M2 −M1)M21 0 · · · (M2 −Ms)M∗s2
· · · · · · · · · · · ·
(Ms −M1)Ms1 (Ms −M2)Ms2 · · · 0

 (26)
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Combining with (21) and (24),
Mˆx
[
Y1 Y2 · · · Ys
]
=
[
Y1 Y2 · · · Ys
]
1
~2


0 (M2 −M1)2M∗21 · · · (Ms −M1)2M∗s1
(M2 −M1)2M21 0 · · · (Ms −M2)2M∗s2
· · · · · · · · · · · ·
(Ms −M1)2Ms1 (Ms −M2)2Ms2 · · · 0

 (27)
BecauseM1,M2,M3, · · · ,Ms−1,Ms are real numbers and it is clear thatMs >
Ms−1 > · · · > M3 > M2 > M1, comparison of (25) with (27) yields
M11 = M22 = · · · = Mss = 0
M2 −M1 = ~
M3 −M2 = ~,M31 = 0
· · ·
Ms −Ms−1 = ~,Ms1 = · · · = Mss−2 = 0
Therefore
M2 = M1 + ~,M3 = M1 + 2~, · · · ,Ms = M1 + (s− 1)~ (28)
Let Mˆ+ = Mˆx + iMˆy and Mˆ− = Mˆx − iMˆy , we can obtain
Mˆ+
[
Y1 Y2 · · · Ys−1 Ys
]
=
[
Y1 Y2 · · · Ys−1 Ys
]
2


0 0 · · · 0 0
M21 0 · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · 0 0
0 0 · · · Mss−1 0

 (29)
Mˆ−
[
Y1 Y2 · · · Ys−1 Ys
]
=
[
Y1 Y2 · · · Ys−1 Ys
]
2


0 M∗21 · · · 0 0
0 0 · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · 0 M∗ss−1
0 0 · · · 0 0

 (30)
9
There is the commutation relation
[Mˆ+, Mˆ−] = 2~Mˆz (31)
From (29)-(31),
Mˆz
[
Y1 Y2 · · · Ys−1 Ys
]
=
[
Y1 Y2 · · · Ys−1 Ys
]
2
~


−|M21|2 0 · · · 0 0
0 |M21|2 − |M32|2 · · · 0 0
· · · · · · · · · · · · · · ·
0 0 · · · |Ms−1s−2|2 − |Mss−1|2 0
0 0 · · · 0 |Mss−1|2

 (32)
Comparison of (24) with (32) yields
|Mp+1p|2 = −~2 (M1 +M2 + · · ·+Mp) (1, 2, . . . , s− 1) (33)
and |Mss−1|2 = ~2Ms. Hence, M1+M2+ · · ·+Ms = 0. Combining with (28),
Mk = [−s−12 + (k − 1)]~ (k = 1, 2, . . . , s) (34)
|Mp+1p|2 = ~24 p(s− p) (p = 1, 2, . . . , s− 1) (35)
Therefore, (24) becomes
MkYk = [−s−12 + (k − 1)]~Yk (k = 1, 2, . . . , s) (36)
From (23),
M2 =
1
2
(M+M− +M−M+) +M
2
z
So, combining with (24), (29)-(30) and (34)-(35),
Mˆ2
[
Y1 Y2 · · · Ys
]
=
~
2
4
(s2 − 1) [ Y1 Y2 · · · Ys ] (37)
I: If s is an odd number, the angular momentum operator ~ˆM is the orbital
angular momentum operator ~ˆL which is defined as the cross product of the
position r and the linear momentum operator ~ˆp of the particle.
Let
l = s−1
2
(s = 1, 3, 5, . . .)
10
m = −l + k − 1 (k = 1, 2, . . . , s)
If the wave functions Y1, Y2, · · · , Ys is relabeled as Yl−l, Yl1−l, · · · , Yll, then (36)
and (37) can be written as
LˆzYlm = m~Ylm (l = 0, 1, . . . ;m = −l, 1− l, · · · , l) (38)
Lˆ2Ylm = l(l + 1)~
2Ylm (l = 0, 1, . . . ;m = −l, 1− l, · · · , l) (39)
When p = l +m+ 1, from (35),
|Ll+m+2l+m+1|2 = ~
2
4 (l +m+ 1)(l −m) (l = 0, 1, . . . ;m = −l, 1− l, · · · , l) (40)
where |L2l+22l+1|2 = 0. If we take positive real solutions from (40), then (29)
become
Lˆ+Ylm = ~
√
(l +m+ 1)(l −m)Ylm+1 (l = 0, 1, . . . ;m = −l, 1− l, · · · , l) (41)
When p = l +m, from (35),
|Ll+1+ml+m|2 = ~24 (l +m)(l + 1−m) (l = 0, 1, . . . ;m = −l, 1− l, · · · , l) (42)
where |L10|2 = 0. If we take positive real solutions from (40), then (30)
become
Lˆ−Ylm = ~
√
(l +m)(l + 1−m)Ylm−1 (l = 0, 1, . . . ;m = −l, 1− l, · · · , l) (43)
In the spherical coordinate, the following expressions can be given by

Lˆ+ = ~e
iϕ( ∂
∂θ
+ i cot θ ∂
∂ϕ
)
Lˆ− = ~e
−iϕ(− ∂
∂θ
+ i cot θ ∂
∂ϕ
)
Lˆz = −i~ ∂∂ϕ
(44)
1) When l=0, from (38) and (43){
Lˆ−Y00 = 0
LˆzY00 = 0
(45)
That is {
−i~∂Y00
∂ϕ
= 0
~e−iϕ(−∂Y00
∂θ
+ i cot θ ∂Y00
∂ϕ
) = 0
(46)
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The solution of the system (46) is
Y00 =
1√
4π
(47)
2) When l=1, from (38) and (43),{
LˆzY1−1 = −~Y1−1
Lˆ−Y1−1 = 0
(48)
That is {
−i~∂Y1−1
∂ϕ
= −~Y1−1
~e−iϕ(−∂Y1−1
∂θ
+ i cot θ ∂Y1−1
∂ϕ
) = 0
(49)
The solution of the system (49) is
Y1−1 =
√
3
8π
sin θe−iϕ (50)
From (41),
Y10 =
1√
2~
Lˆ+Y1−1 =
√
3
4π
cos θ (51)
Y11 =
1√
2~
Lˆ+Y10 = −
√
3
8π
sin θeiϕ (52)
· · ·
Similarly, all of the spherical harmonic functions will be found in terms of
(38), (41), (43) and (44). It make us to avoid the solution of the second order
differential equations{
−i~∂Y (θ,ϕ)
∂ϕ
= LˆzY (θ, ϕ) = m~Y (θ, ϕ)
−~2[ 1sin θ ∂∂θ (sin θ ∂∂θ ) + 1sin2 θ ∂
2
∂ϕ2
]Y (θ, ϕ) = Lˆ2Y (θ, ϕ) = l(l + 1)~2Y (θ, ϕ)
(53)
II: If s is an even number, the angular momentum operator ~ˆM is the
total angular momentum operator ~ˆJ .
Let
j = s−1
2
(s = 2, 4, 6, . . .)
m = −j + k − 1 (k = 1, 2, . . . , s)
12
If the wave functions Y1, Y2, · · · , Ys is relabeled as Yj−j, Yj1−j, · · · , Yjj, then
we have similarly to the orbital angular momentum
JˆzYjm = m~Yjm (j =
1
2
, 3
2
, . . . ;m = −j, 1 − j, · · · , j) (54)
Jˆ2Yjm = j(j + 1)~
2Ylm (j =
1
2
, 3
2
, . . . ;m = −j, 1 − j, · · · , j) (55)
Jˆ+Yjm = ~
√
(j +m+ 1)(j −m)Yjm+1 (j = 12 , 32 , . . . ;m = −j, 1− j, · · · , j) (56)
Jˆ
−
Yjm = ~
√
(j +m)(j + 1−m)Yjm−1 (j = 12 , 32 , . . . ;m = −j, 1− j, · · · , j) (57)
4. The Energy Levels of Hydrogen Atom
The Runge-Lenz vector operator of the hydrogen atom [3] is defined by
~ˆA =
1
µ
(~ˆp× ~ˆL− i~~ˆp)− k~r
r
(58)
where ~r is the position vector of the electron, ~ˆp is its momentum vector
operator, ~ˆL is its orbital angular momentum vector operator, µ is the reduced
mass of the positive proton and negative electron, k is a parameter. The
Hamiltonian of the hydrogen atom is written as
Hˆ =
pˆ2
2µ
− k
r
(59)
The Runge-Lenz vector operator can be written in terms of its vector com-
ponents as:
~ˆA = Aˆx~i+ Aˆy~j + Aˆz~k
Let Aˆ+ = Aˆx + iAˆy and Aˆ− = Aˆx − iAˆy, we can show that
[Aˆz, Lˆ+] = ~Aˆ+ (60)
[Lˆ−, Aˆz] = ~Aˆ− (61)
[Aˆ+, Lˆ−] = 2~Aˆz (62)
[Lˆz, Aˆz] = 0 (63)
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Aˆ+Lˆ− + Aˆ−Lˆ+ + 2AˆzLˆz = 0 (64)
Aˆ−Aˆ+ + Aˆ
2
z =
2Hˆ
µ
(Lˆ2 + ~Lˆz + ~
2) + k2 (65)
and
[Lˆz, Hˆ ] = [Lˆ
2, Hˆ] = [Lˆz , Lˆ
2] = 0
Hence, the operators Hˆ, Lˆz and Lˆ
2 have simultaneous eigenfunctions.In the
spherical coordinate, the Hamiltonian operator of hydrogen atom is written
as
Hˆ = − ~
2
2µ
(
∂2
∂r2
+
2
r
∂
∂r
) +
Lˆ2
2µr2
− k
r
So, the orthonormalized simultaneous eigenfunctions ψnlm of the operators Hˆ ,
Lˆz and Lˆ
2 are capable of the separation of variables. That is ψnlm(r, θ, ϕ) =
Rnl(r)Ylm(θ, ϕ), where Rnl(r) are radial wave functions. The component of
~ˆA the in the z direction is given by
Aˆz =
~
2
2µ
[
1
~
eiϕ(sinθ
∂
∂r
+
cosθ
r
∂
∂θ
+
i
rsinθ
∂
∂ϕ
)Lˆ− − 1
~
e−iϕ(sinθ
∂
∂r
+
cosθ
r
∂
∂θ
− i
rsinθ
∂
∂ϕ
)Lˆ+ − 2(cosθ ∂
∂r
− sinθ
r
∂
∂θ
)]− kcosθ (66)
When n=1
It is assumed that
Aˆzψ100 = Aψ100 (67)
Combining with (41) and (60),
Aˆ+ψ100 = 0 (68)
From (43), (61) and (67),
Aˆ−ψ100 = 0 (69)
From (43), (62) and (68),
Aˆzψ100 = 0 (70)
Thus, we can deduce from (44), (47) and (66)
dR10
dr
= −R10
a
, (a =
~
2
µk
) (71)
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The solution of (71) is:
R10 =
2
a
3
2
e−
r
a (72)
And that from (38)-(39), (65) and (68)-(70),
E1 = −µk
2
2~2
(73)
When n=2:
From (38)-(39), (41) and (43),
Lˆz [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211] ~


0 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 1

 (74)
Lˆ2 [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211] ~
2


0 0 0 0
0 2 0 0
0 0 2 0
0 0 0 2

 (75)
Lˆ+ [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]
√
2~


0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0

 (76)
Lˆ− [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]
√
2~


0 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 (77)
Because Aˆz is a Hermitian operator, it is assumed in terms of the theorem
that:
Aˆz [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]

A11(2) A
∗
21(2) A
∗
31(2) A
∗
41(2)
A21(2) A22(2) A
∗
32(2) A
∗
42(2)
A31(2) A32(2) A33(2) A
∗
43(2)
A41(2) A42(2) A43(2) A44(2)

 (78)
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where A11(2), A22(2), A33(2) and A44(2) are real numbers. Combining with
(63) and (74),
Aˆz [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]

A11(2) 0 A
∗
31(2) 0
0 A22(2) 0 0
A31(2) 0 A33(2) 0
0 0 0 A44(2)

 (79)
From (60), (76) and (79),
Aˆ+ [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]
√
2


0 A∗31(2) 0 0
0 0 0 0
0 A33(2)−A22(2) 0 0
−A31(2) 0 A44(2)− A33(2) 0

 (80)
Combining with (62), (77) and (79),
A33(2) = A11(2) = 0, A22(2) = −A44(2) (81)
From (61), (77), (79) and (81),
Aˆ− [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]
√
2


0 0 0 −A∗31(2)
A31(2) 0 A44(2) 0
0 0 0 A44(2)
0 0 0 0

 (82)
Combining with (64), (74), (76)-(77) and (79)-(81),
A44(2) = 0 (83)
Therefore, the equations (79)-(80) and (82) become respectively
Aˆ+ [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]
√
2


0 A∗31(2) 0 0
0 0 0 0
0 0 0 0
−A31(2) 0 0 0

 (84)
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Aˆ− [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]
√
2


0 0 0 −A∗31(2)
A31(2) 0 0 0
0 0 0 0
0 0 0 0

 (85)
Aˆz [ψ200 ψ21−1 ψ210 ψ211] = [ψ200 ψ21−1 ψ210 ψ211]

0 0 A∗31(2) 0
0 0 0 0
A31(2) 0 0 0
0 0 0 0

 (86)
From (65), (74)-(75) and (84)-(86),
E2 = −µk
2
2~2
1
22
(87)
|A31(2)|2 = k
2
4
(88)
If we take positive real solutions from (88), then (84)-(86) become{
Aˆ+ψ200 = −
√
2
2
kψ211
Aˆ+ψ21−1 =
√
2
2
kψ200, Aˆ+ψ210 = 0, Aˆ+ψ211 = 0
(89)
{
Aˆ−ψ200 =
√
2
2
kψ21−1
Aˆ−ψ21−1 = 0, Aˆ−ψ210 = 0, Aˆ−ψ211 = −
√
2
2
kψ200
(90)
{
Aˆzψ200 =
k
2
ψ210
Aˆzψ21−1 = 0, Aˆzψ210 =
k
2
ψ200, Aˆzψ211 = 0
(91)
From (44), (50), (66) and (91),
Aˆz(R21Y1−1) = 0 ⇒ dR21
dr
= (
1
r
− 1
2a
)R21 (92)
The solution of (92) is
R21 =
1
2
√
6a
3
2
r
a
e−
r
2a (93)
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From (91),
R20Y00 = ψ200 =
2
k
Aˆzψ210 =
2
k
Aˆz(R21Y10) (94)
Combining with (44), (47), (51), (66) and (93),
R20 =
1√
2a
3
2
(1− r
2a
)e−
r
2a (95)
· · ·
Similarly, we have
En = −µk
2
2~2
1
n2
(96)
Aˆ+ψnlm =
k
n
√
n2 − l2
4l2 − 1(l −m)(l −m− 1)ψnl−1m+1
− k
n
√
n2 − (l + 1)2
4(l + 1)2 − 1(l +m+ 1)(l +m+ 2)ψnl+1m+1 (97)
Aˆ−ψnlm =
k
n
√
n2 − (l + 1)2
4(l + 1)2 − 1(l −m+ 1)(l −m+ 2)ψnl+1m−1
− k
n
√
n2 − l2
4l2 − 1(l +m)(l +m− 1)ψnl−1m−1 (98)
Aˆzψnlm =
k
n
√
n2 − l2
4l2 − 1 (l
2 −m2)ψnl−1m + k
n
√
n2 − (l + 1)2
4(l + 1)2 − 1 [(l + 1)
2 −m2]ψnl+1m (99)
where
n = 1, 2, 3, . . . ; l = 0, 1, . . . , n− 1;m = −l, 1 − l, . . . , l
According to (38), (41), (43)-(44), (66) and (99), we can obtain all the radial
functions by solving the first linear order differential equations without the
solution of the Schro¨dinger equation.
[− ~
2
2µ
(
∂2
∂r2
+
2
r
∂
∂r
) +
Lˆ2
2µr2
− k
r
]ψ(r, θ, ϕ) = Eψ(r, θ, ϕ)
Thus the previous work of Heisenberg et al on matrix mechanics and of
Schro¨dinger on wave mechanics will be incorporated into a single mathemat-
ical formalism. As a result, the descriptions of matrix mechanics and wave
mechanics on the hydrogen atom have been unified here.
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